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By adjoining the square roots or higher roots of a certain infinite number of poly- 
nomials in two variables with rational coefficients, i.e., by constructing suitable 
infinite abelian coverings of the rational plane, we obtain examples of two-dimen- 
sional normal noetherian pseudogeometric surfaces which are locally excellent but 
which are not globally excellent because they have infinitely many singular points. 
The branch loci of these coverings are grids, i.e., infinite families of horizontal and 
vertical lines in the plane. For studying such coverings we establish a normality 
criterion and discuss the theory of excellent rings. Involved in the construction of 
these coverings is the total residuation of prime ideals in cofmal infinite families 
of field extensions and the complete splitting of prime numbers in finite number 
fields. ?? 1991 Academic Press, Inc. 
1. INTRODUCTION 
(1.1). Preamble. Having discussed in the previous paper [9] preserva- 
tion of various ring-theoretic properties under infinite algebraic field exten- 
sions in general, in the present paper we take a more concrete viewpoint 
and investigate the preservation of several of these ring-theoretic properties 
under certain infinite abeiian field extensions. In particular, we consider 
infinite abelian extensions for which the branch locus is a grid. First we 
shall introduce the matter by a geometric picture and then convert it to an 
algebraic set-up. 
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the title “Normal surfaces with infinitely many singularities.” 
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LOCUS OF INFINITE INTEGRAL EXTENSIONS 
(1.2). Geometric Picture. In the infinite dimensional 
dinates (X, Y, T, , T,, . ...) 
437 
space with coor- 
. . Ti . . . T2 T, 
let us consider the surface G given by the equations 
T:=(X-a,)(Y-b,) for i= 1, 2, . . . . 
where d; is a positive integer greater than one, and where (ai, bi) is an 
integral point in the (X, Y)-plane over the field of rational numbers F, with 
ai#ai and bi# h, for all i#j. 
The surface G can be viewed as a covering of the rational (X, Y)-plane 
where the branch locus is the grid consisting of the horizontal grid lines 
Y=b,, Y=b,, . ..) and the vertical grid lines X= a,, X=a,, . . . The 
singular locus of the grid consists of the points (a,, bj) with i = 1, 2, . . . . and 
j= 1, 2, . ..) which we call the grid points. Among the grid points we mark 
the special points (a,, b,) with i= 1, 2, . . . . and we call these the distinguished 
grid points. 
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By choosing the distinguished grid points points (a,, bi) suitably we shall 
arrange matters so that G is a normal, noetherian, pseudogeometric, locally 
excellent surface which is, however, (globally) nonexcellent because it has 
infinitely many singularities, namely those lying above the points (a,, hi). 
Algebraically speaking, the afline coordinate ring B of G is the integral 
closure of the polynomial ring F[X, Y] in an infinite algebraic field exten- 
sion L of the quotient field F(X, Y), and B is a two-dimensional, normal, 
noetherian, pseudogeometric, locally excellent integral domain, which is 
(globally) nonexcellent. 
By choosing the distinguished grid points points (a*, bi) conveniently we 
shall also show that by localizing the surface G at its singularities we obtain 
a normal, noetherian, pseudogeometric, locally excellent surface all of 
whose (infinitely many) points are singular. In other words, by localizing 
B at the intersection of the complements of the maximal ideals at which 
B is nonregular, we get a two-dimensional, normal, noetherian, 
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pseudogemetric, locally excellent integral domain whose localization at any 
one of its (infinitely many) maximal ideals is nonregular. It may be noted 
that by localizing A at the multiplicative set obtained as the intersection of 
the complements of the maximal ideals (X- ai, Y - h, ) A we get a normal, 
noetherian, two-dimensional, pseudogeometric, (globally) excellent domain 
whose maximal ideals are precisely the extensions of the ideals 
(X-a,, Y-b;) A. Moreover, the said localization of B is the integral 
closure in L of the said localization of A. 
(1.3). Notation. For any ring (always commutative with one) D, by 
h(D) we denote the set of all height one prime ideals in D, and for any 
HE D or H c D the singular locus of H in D is denoted by s(H, D); i.e., 
s(H, D) is the set of all prime ideals P in D with HD c P such that, upon 
letting P* be the image of P under the canonical epimorphism 
D + D/(HD), we have that the localization of D/(HD) at P* is not a 
(noetherian) regular local ring. For any quasilocal ring R (i.e., for a 
ring R with a unique maximal ideal M(R)), and any HE R or H c R, 
we put ord, H=max e such that HRc M(R)’ and we note that 
ord, H = cc o H c M(R)’ for every nonnegative integer e; in case R is a 
(noetherian) regular local domain, for any nonzero elements x and y in R 
we put ord,Jx/y) = (ord, x) - (ord, I’). For any prime ideal P in a ring D, 
upon letting R to be the localization of D at P, for any HER or H c R, 
we put ord,,,(H) = ord, H. A ring D is said to be locally noetherian 
(resp. locally pseudogeometric, locally excellent) if for every prime ideal P 
in D we have that the localization of D at P is noetherian (resp. 
pseudogeometric, excellent). 
The rest of the notation and terminology will be as in Section 2 of 
Abhyanker and Heinzer [9]. In particular we recall that for any ring D and 
any HE D or H c D, by Z(H, D) (resp. MZ(H, D)) we denote the set of all 
prime (resp. maximal) ideals P in D with HD c P, and for any subring 
D’ of D and any H’ c D’, by Z(H, D; H’, D’) we denote the set of all 
P E Z(H, D) such that P contracts to H’ in D’, i.e., P A D’ = H’. 
2. EXCELLENT RINGS 
We recall that a ring D is said to be excellent if D is noetherian and the 
following three conditions are satisfied (see (1.2.3) of Abhyankar [7] or 
(7.8.2) of Grothendieck [ 131): 
(2.1) D is universally catenarian (for the definition of universally 
catenarian see (1.2.1) of Abhyankar [7]). 
(2.2) For every prime ideal P in D the formal fibers of D, are 
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geometrically regular (for the definition of geometric regularity of formal 
fibers see (1.2.2) of Abhyankar [7]). 
(2.3) Given any prime ideal P in D and any finite purely inseparable 
extension k of the quotient field of D/P (so if char D/P=0 then k is the 
quotient field of D/P), there exists a subring C of k and a nonzero ideal U 
in C such that D/P c C, C is a finite D/P-module, k is the quotient field of 
C, and the local ring C, is regular for every prime ideal Q in C which does 
not contain U. 
For a review of basic properties of excellent rings see (1.2.4) of 
Abhyankar [7] or (7.8) of Grothendieck [13]. In particular note that: 
(2.11) For a locally noetherian ring D to be locally excellent we do 
not need condition (2.3). 
(2.12) D is excellent implies that D is pseudogeometric. 
(2.13) If D is excellent then the singular locus of D is closed; i.e., there 
exists an ideal U in D such that for any prime ideal P in D we have that 
D, is nonregular o U c P. 
(2.14) If D is excellent then so is any ring obtained from D by 
homomorphic image, localization, or finitely generated ring extension. 
(2.15) Every complete local ring is excellent. Every field is excellent. 
Every Dedekind domain of characteristic zero is excellent. 
The example indicated in the Introduction will show that even for a two- 
dimensional, normal, pseudogeometric domain the formal fiber condition 
(2.2) does not imply that the singular locus is closed. 
The theory of excellent rings was an attempt to codify from classical 
algebraic geometry the two properties of singular locus lifting and singular 
locus being closed. Here, by singular locus being closed we mean that it can 
be defined by a finite number of equations (suitable minors of the jacobian 
matrix, mixed or not), whereas singular locus lifting means that the 
defining equations of a (global) geometric object give the same singular 
locus whether they are regarded as polynomials or power series because, as 
said above, the singular locus is given by suitable minors of the jacobian 
matrix which is the same whether we regard the equations as polynomials 
or power series. Condition (2.2) looks like a reasonable codification of the 
property of singular locus lifting, whereas Condition (2.3) looks like a 
messy job, which goes to show that we do not as yet have a nice codification 
for the closedness of the singular locus. Our examples in this paper are 
meant to stress this unsatisfactory state of affairs, and hence to pose the 
obvious problem of rectification. 
We might also notice that the oldest noetherian theorem says that the 
integral closure of a normal noetherian domain D in a finite separable 
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algebraic field extension of the quotient field of D is a finite D-module and 
hence noetherian. The classical proof of this uses vandermonde deter- 
minants to show that the said integral closure is contained in (l/a) O[x] 
where x is an integral primitive element of the said field extension and 2 is 
the discriminant of its minimal polynomial g(X) E O[X]; the said classical 
proof is also the genesis of the theory of pseudogeometric rings. This clas- 
sical proof goes back at least to Dedekind and Weber’s famous paper [ 111 
of 1882, a year which also saw the appearance of Kronecker’s famous 
“Grundzuege . . . ” paper [16]. A sometimes stronger tool is the derivative 
g’(x) rather than the discriminant 2; indeed, the said integral closure is also 
contained in (l/g’(x)) O[x]; thus g’(x) as well as a are conductor elements 
of O[x] in its integral closure, where by a conductor element of D[x] in 
its integral closure we mean an element of D[x] which when multiplied by 
any element of the said integral closure yields an element of D[x]. The use 
of g’(x) or a is all pervasive; for example, see the 1896 book on Riemann 
Surfaces by Stahl [25], Hecke’s Number Theory book [14], Lefschetz’s 
classical 1930 book on Topology [18], the Koopman and Brown 
triangulation paper [lo], van der Waerden’s “Modern Algebra” [26], 
Zariski and Samuel’s “Commutative Algebra” [27], or Nagata’s 
“Local Rings” [22]. A more precise measure of how good a conductor 
element g’(x) happens to be is given by Dedekind’s formula which says 
that the derivative equals the different times the conductor; for this and for 
its relationship with the geometric theory of adjoints see [S]. 
At any rate, much of modern commutative algebra is an exploitation 
of the above 3 items, which amount to replacing the discriminant (or 
derivative) by a discriminant-like element, and replacing the jacobian 
matrix by . . . . 
3. ALGEBRAIC SET-UP 
(3.1) General Set-up. To discuss the normality of the type of surface 
considered in (1.2), in a more general setting, let A be a normal noetherian 
domain, and let B be an (infinite) integral root extension of A; i.e., let B 
be an overdomain of A of the form 
B=A[{ti:iEl}], 
where I is an indexing set and (ti)ic, is a family of nonzero elements in an 
overfield of A such that 
tp’=c+A, 
where 
(ci, c,) A $ H for all HE/I(A) and i#j inZ 
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and where, for each i E Z, d, > 1 is an integer which is a unit in A. [Note 
that an integer d is a unit in a ring A o for every maximal ideal V in A we 
have that d is nondivisible by the characteristic of the residue field A/V.] 
In Section 4 we shall consider the normality of B and also locate the 
singularities of B, i.e., those prime ideals in B at which the localization of 
B is nonregular. For doing so we put 
K= the quotient field of A, and L = the quotient field of B, 
and for every Jc I we consider the ring 
A,= A[(ti:je J}] 
and its quotient field 
K,=K({t,+J}). 
(3.2) Special Set-up. For constructing the type of surface mentioned in 
(1.2) in the general set-up of (3.1) we take 
I= the set of all positive integers 
E = the ring of ordinary integers 
F = the field of ordinary fractions 
F* = an algebraic closure of F 
A = the polynomial ring F[X, Y] where Xand Y are indeterminates 
and for all nonnegative integers i < n we put 
Ai,n=A(i+l,i+2 ,..., n} and Ki,n=K{i+l,;+2 ,..., n), 
i.e., 
Ai,n=ACt;+l, ti+2, ...) tnl and Ki,n=K(ti+l, ri+2r ...> tn) 
and for every nonnegative integer i we put 
Ai,cc=A(i+~,i+~,...}, and Ki,m=K{t+l,i+2,...~~ 
i.e., 
Ai,rn=ACt,+l,t,+2,...1 and Ki,m=K(t,+l, ti+zT...). 
In this case we shall arrange matters so that the ring B (or a suitable 
localization of B) is a noetherian domain with some additional good 
properties such as being normal, pseudogeometric, locally excellent (but 
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not excellent). We are going to achieve this by carefully choosing a 
sequence 
(4 b, = tai3 hi)zt I 
of pairs of integers (i.e., a sequence of rational integral points in the (X, Y)- 
plane over F), with ai # aj and bi# 6, for all i #j, and considering the 
corresponding sequence 
of maximal ideals 
Vi=(X-a;, Y-b,)A 
in A. We are going to take the above mentioned element c, to be a con- 
venient member of Vi (i.e., a suitable curve passing through the point Vi). 
We shall also consider another sequence 
of maximal ideals in A (i.e., points, but not necessarily rational points). 
To achieve noetherianness of B (or a localization of B), given any such 
sequence W, the sequence (a, b) is to be chosen so that for each i < n in Z, 
Wi totally residuates as we go from A to A,,,; i.e., for some maximal ideal 
W,,, in Ai,,, which contracts to W, in A we have 
C(Ai,nlWi,n) : (AIW;)I.s= CKz,n : Kl 
(where in our case we may drop the subscript s which stands for the 
separable part of the field degree), and hence in particular W, neither splits 
nor ramifies as we go from A to Ai,,. This ensures that W, is finitely split 
in B which is of course necessary in order that B be noetherian. Concretely 
speaking, we shall arrange Wi to be totally residuated as we go from A to 
Ai,, by making sure that for every maximal ideal Wi,,* in A,, which 
contracts to Wi we have 
Although we shall not use it, another way of achieving finite splitting of 
W, is to arrange matters so that A,,i is’ normal and for each integer n > i 
we have that every maximal ideal in Ao,,pl which contracts to W, in A is 
totally residuated as we go from Ao,,,_ , to A,,,. 
In Section 6, where we construct local examples, we shall take W= V 
whereas in Section 7, where we construct global examples, we shall take W 
to be the family of all maximal ideals in A. Here by local examples we 
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mean to take the localization of A at 0 {A\ Vi : in Z} and then to take the 
integral closure of the said localization in L. And by global examples we 
mean the ring B itself which will turn out to be the integral closure of A 
in L. 
To arrange that B (or a localization of B) is also pseudogeometric, we 
want to ensure that any irreducible curve on the surface G, whose affine 
coordinate ring is B, has only a finite number of singularities; i.e., the 
residue class ring of B, modulo any depth one prime ideal, has only a finite 
number of maximal ideals at which its localization is nonregular. For this 
purpose (since F is countable), we can take a sequence of polynomials 
f= (feLE with .f, =.f,(X, Y) E F[X, Yl 
such that r~,f,A gives a bijection of E onto h(A) and 
f-ze+2(X Y)=Jf-e and f- ze+,(X, Y)= Y-eforalleEZ, 
such that f0 = 0, f-i = 0, fP2 = 0, . . . are the 
kedrizontal and vertical lines and f, = 0, f2 = 0, . . . 
equations of certain 
are the equations of the 
remaining irreducible curves in the rational (X, Y)-plane. 
In the local examples of Section 6 we shall arrange matters so that, for 
each Ed E, the curve f, = 0 goes through at most a finite number of the 
distinguished grid points (ai, hi), whereas in the global examples of 
Section 7 we shall arrange matters so that, for each e E E, the curve f, = 0 
goes through at most a finite number of the grid points (a,, b,) with 
{i, j] c (Z\Z,) for some finite I, c I. In greater detail, in the local examples 
we shall arrange matters so that for every n E I we have f<,(a,, h,) # 0 for 
e = 1, 2, . . . . IZ - 1, and in the global examples we shall arrange matters so 
that for every n E Z we have f,(ai, !I,,) #O #f,(a,, bj) for e = 1, 2, . . . . n - 1 
and i, j = 1, 2, .,., n. This will ensure pseudogeometricity. 
The theoretical discussion of noetherianness and pseudogeometricity will 
be given in Section 5. The reader may like to skip Sections 4 and 5 in a first 
reading and proceed directly to Sections 6 and 7. 
4. NORMALITY AND SINGULARITIES OF INTEGRAL ROOT EXTENSIONS 
We start by proving the following 
LEMMA ON NORMALITY OF INTEGRAL ROOT EXTENSIONS (4.1). In the 
general set-up of (3.1), consider the following nine conditions: 
(1) (Intersection Condition) For every J c Z we have A, = B n KJ. 
(2) (Freeness) For every JC Z, the ring A, is a free A-module with 
free basis { t,4’ . . . t:;: {j,, . . . . j,} a finite subset of J (of cardinulity s) and 
481!143'2-I? 
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0 < ek < dk for k = 1, . . . . s}, i.e., with free basis (nkcJ t$k)),,,. , where J* 
is the set of all maps v : J + (the set of all nonnegative integers) such 
that v(k) < dk for all k in J, and v(k) = 0 f or all except a finite number of 
k in J. 
(3) (Disjointness) For every finite Jc I we have [KJ : K] = niEJ d,. 
(4) (Zero-One Condition) For any i E I arzd HE h(A ) we have 
ord,,,(cj) = 0 or 1. 
(5) (Strong-One Condition) For every i E I there exists HE h(A) 
such that ord,,,(ci) = 1. 
(6) (Weak-One Condition) For every iE I, the GCD of dj and 
{ord,,,(ci) : HEh(A)} is 1. 
(7) (Nonunit Condition) For every iE Z, the element ci is a nonunit 
in A. 
(8) (Strong Normality) For every Jc Z, the ring A, is normal. 
(9) (Normality) The ring B is normal. 
Then as implications between these conditions we have 
and 
(3) + (9) =+= (4) = (8) 
(l)+(9)=>@)*(9) 
and 
(3)+(9)+(T)-(4)+(7)*(5)*(6)=(3)-=(2)*(1). 
Proof: The implications (1) + (9) j (8) =P (9) and (4) + (7) * (5) * (6) 
and (3)o (2) = (1) are obvious. So we only have to show that (3) + (9) 
* (4) and (4) * (8) and (6) * (3). 
To show that (3) + (9) * (4), assume (3) and (9) and given any iE Z and 
HEh(A) let R=A H; now R is a one-dimensional regular local domain 
with quotient field K and what we have to show is that cj $ M(R)‘; since 
(3)0(2)*(l) and (l)+(9)*(8), by taking J= {i} in (3) and (8) we see 
that [K(t,) : K] = d, and the ring A [ti] is normal; the normality of the ring 
A[ti] implies the normality of its localization R[ti] and hence by part 
(4.4.3) of the Sublemma which we shall prove below we conclude that 
ci 4 M(R)2. 
To show that (4)=>(g), first note that for any Jcl, the ring A, is the 
cofinal union of the rings A,, as J’ varies over the set of all finite subsets 
of J, and hence to show that A,. is normal it suffices to show that AY is 
normal for every finite subset J’ of J; therefore it is enough to show that 
(4) =+. the ring A, is normal for every finite subset J of Z, and in turn we can 
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do this by induction on the cardinality of J. If J is the empty set then 
A, = A and hence A, is normal. So now assume (4) and let J be any non- 
empty finite subset of I and assume that Ay is normal for every subset J’ 
of J different from 1; we want to show that then A, is normal. Fix any i E J 
and let J’ = J\ { i} and note that A,, is noetherian because it is a finite 
A-module. Thus now A,, is a normal noetherian domain with quotient field 
KJ, and we have A, = A,, [ti] where ti is an element in an overfield of KJc 
with t: = ci E A c A,,. Now the normality of A,, implies that (AJz)“, is nor- 
mal for each H’eh(AJr) and A,.= n {(A,.),, : H’E~(A,,)} where h(A,.) 
is the set of all height one prime ideals in A,., and (AJ.)H, is the locali- 
zation of A,, at H’. Moreover, since A,, and each (A,.),, is normal, 
1, t,, . . . . t7-r is a free (A,,)-module basis of AJz[t,] and also a free 
((A,.),.)-module basis of (AJr),,. [ti] for each H’gh(A,.) where 
n= [K,,(t;) : KJ,]. Therefore AJr[tj] = n {(AJz)Hz [t,] : H’gh(A,,)}. Con- 
sequently A,, [t,] is normal provided (AJ.)“, [ti] is normal for each 
H’ E h(A,,). Given any H’ E h(A,.), upon letting R’ = (AJc)Hr we shall show 
that R’[ti] is normal and this will complete the proof. Let R = A, be the 
localization of A at H = H’ n A. Note that clearly HE h(A) and hence R 
and R’ are one-dimensional regular local domains such that R’ dominates 
R, and by (4) we have ord, ci = 0 or 1. Now on the one hand, because of 
our assumption that (ci, c,) $ H for all i#j in Z, we see that if CUE H then 
R’ is finite-compositumwise unramified over R and hence (say by (4.8) or 
(2.9) + (4.1) of Abhyankar and Heinzer [9]) R’ is unramified over R and 
therefore ord,, c, = ord, ci = 1 (alternatively, this can also be seen by using 
1.41 and 1.44 of Abhyankar [4]). On the other hand, if ci$ H then 
obviously ordR, cj= ord, ci= 0. Thus always we have ord,, c, = 0 or 1. 
Now by parts (4.4.1) and (4.4.2) of the Sublemma which we shall prove 
below we conclude that R’[t;] is normal. 
Finally, to show that (6) = (3) we can again make induction on the car- 
dinality of the finite subset .I of I. If J is empty then (3) is obvious. So now 
assuming (6), let J be any nonempty finite subset of I and assume that for 
every subset J’ of J different from J we have [K,. : K] = n,,,, d,; we want 
to show that then [KJ : K] = IZjGJ di; since [KJ : K] is the product of 
[KJ, : K] and [K,.(t,) : K,.], it suffices to show that [K,,(t;) : KJ,] =d,. 
Let h* be the set of all HE h(A) such that ci E H. Let h’ be the set of all 
height one prime ideals H’ in A,, such that ci E H’. Given any H’ E h’, upon 
letting H= H’ n A we have HE h* and we have that the one-dimensional 
local domain R’ = (AJr),,, dominates the one-dimensional regular local 
domain R = A, and, because of our assumption that (c;, cj) $ H for all 
i fj in I, R’ is finite-compositumwise unramified over R and hence (say by 
(4.8 ) or (2.9) + (4.1) of Abhyankar and Heinzer [ 93 ) R’ is unramified over 
R and therefore R’ is regular and ord,, ci = ord, ci (again, the unramitied- 
ness can alternatively be deduced from 1.41 and 1.44 of Abhyankar [4]). 
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Now H’ --) H’n A is a surjection of h’ onto h*, and hence by (6) we 
see that the GCD of di and {ord,, ci with R’= (AJ,)H, : H’E~‘} is 1, and 
therefore by part (4.4.4) of the Sublemma which we shall prove below we 
conclude that [K,,(t;) : K,.] = di. 
Before proving the Sublemma used in the above proof, we define the 
notion of a hypersurfacial point and make a remark about it. 
DEFINITION (4.2). We say that a local ring S is a hypersurfacialpoint of 
multiplicity e, where e is a positive integer, if S is isomorphic to the 
homomorphic image S’/(gS’) of a regular local ring S’ of dimension 
1 + dim S module a principal ideal gS’ generated by an element g in S’ of 
order e, i.e., with ord, g = e; we note that then S is regular o e = 1. If, 
moreover, S is the localization of a ring B at a prime ideal Q, then we may 
say that B has a hypersurfacial e-ple point at Q; in particular for e = 1 or 
2 or 3 we call it a simple or double or triple hypersurfacial point, respec- 
tively; we call it a hypersurfacial multiple point, or a hypersurfacial 
singularity, if e > 1. 
Remark (4.3). To construct a concrete example of a hypersurfacial 
point, let R’ be a regular local domain with quotient field K’, let d be a 
positive integer, let t be an element in an overfield of K’ such that 
td=cEM(R’) and [K’(t) : K’] =d, and let S= R’[t]. Now clearly S is a 
local domain with dim S = dim R’ and M(S) = M( R’ ) S + tS. Moreover, 
the kernel of the unique R’-epimorphism R’[ r] + S, which sends the 
indeterminate T to the element t, is generated by the polynomial g = Td - c. 
Also obviously, the said epimorphism R’[T] -+ S uniquely extends to an 
epimorphism S’ --f S where S’ is the localization of R’[ T] at the prime 
ideal generated by M(R’) and T. Now clearly S’ is a regular local ring of 
dimension 1 + dim S, the kernel of the said epimorphism S’ + S is 
generated by g, and ord,,g=e where e is the positive integer given by 
e = min(d, ord., c). 
We shall now prove the Sublemma used in the proof of (4.1). 
SUBLEMMA (4.4). Let R’ be a one-dimensional regular local domain with 
quotient field K’, let d> 1 be an integer which is a unit in R’, let t be an ele- 
ment in an overfield of K’ such that td = c E R’, and let q = ord,, c. Then we 
have the following. 
(4.4.1) If q = 0 then R’[t] is the intersection of a nonempty finite 
family of one-dimensional regular local domains whose quotient field is K’(t) 
and which dominate and are unramtfied over R’, and hence in particular 
R’[t] is normal. 
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(4.4.2) If q = 1 then [K’(t) : K’] = d and R’[ t] is a one-dimensional 
regular local domain, and hence in particular R’[t] is normal. 
(4.4.3) Zf q > 1 and [K’(t) : K’] = d then R’[t] is a one-dimensional 
nonregular local domain, and hence in particular R’[t] is nonnormal. 
(4.4.4) Zf q # CC then [K’(t) : K’] is dioisible by d/GCD(d, q). 
Prooj Recall that a one-dimensional local domain is regular iff it is 
normal. 
Now there are only a finite number of maximal ideals Qr, . . . . Q,, with 
n > 0, in R’[ t] and upon letting S,, . . . . S,, to be the localizations of R’[t] 
at Q,, . . . . Q,,, respectively, we have that S,, . . . . S, are one-dimensional local 
domains and R’[t] = S, n ... n S,. If q = 0 then for each i we have that 
t is derivativewise unramilied for S, over R’ and hence (say by (4.1) of 
Abhyankar and Heinzer [9]) Si is unramified over R’ and therefore Si is 
regular; consequently, if q = 0 then R’[t] is normal which proves (4.4.1) 
(once again, the unramiliedness can alternatively be deduced from 1.44 of 
Abhyankar [4] or (38.6) of [ZZ]). If q= 1 then (say by Gauss’s Lemma 
and Eisenstein’s Criterion) the polynomial Td - c, in an indeterminate T, is 
irreducible in K’[ T] and hence [K’(t) : K’] = d; the rest of (4.4.2) and 
(4.4.3) now follows from (4.2) and (4.3). 
To prove (4.4.4) assume that q # cc and let d* = GCD(d, q) and 
d’ = dJd*. We can take x E M(R’)\M(R’)* and we can find integers r and 
s such that sq + rd= d*. Let t’ = t’xr and c’ = t’$. Also let t* = cl/x 
and c* = fd’. Now c* = t*d* = Cld*lXd* = t’8d*lXd’ = fdJXd* = (tSXr)dlXd* = 
fdXrd ~ d* = cs/xsy E K’ and ord.,( c’/x’q) = 0 and hence c* = cs/xsq E 
R’\M(R’). Thus t *d* = c* E R’\M(R’) and hence, in view of (4.4.1), by 
taking R* to be the localization of R’[t* ] at some prime ideal in R’[t*] 
which contracts to M(R’) in R’, we see that R* is a one-dimensional 
regular local domain with quotient field K* = K’(t*) and c’ = xt* E 
M(R*)\M(R*)*. Now tld = c’EM(R*)\M(R*)* and hence by (4.4.2) we 
see that [K* (t’) : K*] = d’; since K’ c K* c K* (t’ ) c K’(t), we conclude 
that d’ divides [K’(t) : K’]. 
Remark (4.4A). Actually, the implication that c and d are units in R’ 
implies R’[t] is normal and follows from the ancient fact mentioned in 
Section 2 which says that the discriminant is a conductor element. 
Next we prove the following 
LEMMA ON SINGULARITIES OF INTEGRAL ROOT EXTENSIONS (4.5). In the 
general set -up of (3.1) let P and Q be prime ideals in A and B, respectively, 
such that P = A n Q, and let R and S be the localizations of A and B at P 
and Q, respectively. Let J’ = { iE I : ci E P} and assume that J’ is a finite set 
(i.e., at most a finite number of the hypersurfaces ci = 0 pass through P). 
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Let J = I\J, and let R, be the localization of A, at P, = A, n Q. Then we 
have the following: 
(4.5.1) R, is a normal local domain (with quotient field KJ) which is 
unramtfied, as well as compositumwise unram$ed, over R, and we have 
dim R, = dim R. Moreover, if R is regular (resp. pseudogeometric) then RJ 
is regular (resp. pseudogeometric). 
(4.5.2) B is almost compositumwise unramified over A at Q. 
(4.5.3) S is a local domain which is almost compositumwise urnramified 
over R, and we have S = R,[ ( tj : jE J’ > ] = a finite module over R, and 
M(S)=(M(R)u {ti:jEJ’})S, and hence we have dim S = dim R, = dim R. 
Moreover, tf R is pseudogeometric then S is pseudogeometric. 
(4.5.4) If there exist elements (Ci~ R : ie I’}, where I’ is a set of 
cardinality dimR-cardJ’, such that M(R)=({c,:~EJ’)u{~~:~EZ’})R, 
then M(S)=({~,:~EJ’}U{C~ : iE I’}) S and hence S is regular; and for 
every je J’ we have that t,S is the radical of cjS in S, and SItiS is a regular 
local domain, and tjS is a height one prime ideal in S and it is the only prime 
ideal in S which contracts to cjR in R; andfor every i E I’ we have that S/E,S 
is a regular local domain, and CiS is a height one prime ideal in S and it is 
the only prime ideal in S which contracts to FiR in R. [Geometrically 
speaking, the assumption on R says that A has a simple point at P (i.e., 
R is a regular local domain), and the “branch locus family” of A in B either 
does not pass through P or has a “familywise normal crossing” at P. Now 
the branch locus of A in B is the union of the hypersurfaces c, =0 as i 
ranges over Z, and (assuming R to be regular) the said branch locus has a 
normal crossing at P means : ( * ) J’ is nonempty and the product n c,, as 
j ranges over J’, can be expressed as a unit in R times a monomial in a 
minimal set of generators of M(R). The concrete way in which A and B are 
presented leads one to call the family of hypersurfaces ci = 0, with i ranging 
over Z, the “branch locus family” of A in B; the said family has a 
“familywise normal crossing” at P means: ( ** ) in addition to ( * ), for every 
j E J’, the hypersurface ci = 0 has an “equational” simple point at P, i.e., the 
local ring R/c, R is regular. To see that ( ** ) is stronger than ( * ), it suffices 
to take J’ = a singleton set { j} and dim R = 2 and cj = xy where (x, y) is 
a basis of M(R); in other words, referring to (1.1) at a distinguished grid 
point we have (* ) but not ( ** ).] 
(4.5.5) If for each jE J’, the element cj satisfies the zero-one condition 
[of (4.1)] at P in A (i.e., for every HE h(A) with H c P we have 
ord,,,(c,) = 0 or 1 ), then, for each j E J’, the element cj satisfies the zero-one 
condition in R, (i.e., for every height one prime ideal H’ in R, we have ordR. 
,,,.(c,) = 0 or l), and hence the ring S is normal and in fact S is the integral 
closure of R, in the finite separable algebraic field extension L of K, 
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obtained by adjoining the elements { t, : j E J’ }, and for the corresponding 
field degree we have [L : KJ] = ni,,, di. 
(4.56) Zj- R g I zs re u ar and J’ is a singleton set {i} for some i E I such 
that ci is an element in A4(R)2 which satisfies the zero-one condition at P in 
A, then c, is an element in M(RJ)2 which satisfies the zero-one condition in 
R,, and hence [L : KJ] = d,, and therefore S is nonregular, and in greater 
detail (as said in (4.3)): the kernel qf the unique Rrepimorphism R,[ T] + S 
which sends the indeterminate T to ti is generated by the polynomial 
gi = Td’ - ci, and the said epimorphism uniquely extends to an epimorphism 
S’ + S where S’ is the regular local ring whose dimension equals 1 + dim S 
and which is obtained by localizing the ring R,, [T] at the maximal ideal 
generated by M(R) u (T), and finally the kernel of the said epimorphism 
S’ + S is generated by the polynomial g, for which we have ords g, = e where 
e = min(d,, ord,c,) = an integer > 1, and hence S is a hypersurfacial point of 
multiplicity e, and therefore B has a hypersurfacial e-ple point at Q. 
(4.5.7) If R is a pseudogeometric regular local ring of characteristic 
zero and dimension at most two, then the local rings R, and S are excellent. 
Proof: Now R is a normal local domain and clearly R, is com- 
positumwise unramitied over R, and hence (4.5.1) follows from (4.14) and 
(4.15) of Abhyankar and Heinzer [9]. Condition (4.5.2) follows by noting 
that B is compositumwise unramified over A,, at Q. Condition (4.5.3) 
follows from (4.5.1) and (4.5.2). Condition (4.54) follows from (4.5.1) and 
(4.5.3). Given any height one prime ideal H’ in the normal local domain 
R,, upon letting H = H’ A A, we have that H is a height one prime ideal 
in A with H c P, and clearly the localization of R, at H’ is com- 
positumwise unramilied over the localization of A at H, and therefore by 
(4.8) of Abhyankar and Heinzer [9] we see that the localization of R, at 
H’ is unramified over the localization of A at H, and hence ordRJ,H,(c) = 
ord,,,(c) f or a 11 c E A. Therefore if for each j E J’ the element c, satisfies the 
zero-one condition at P in A then for each jEJ’ the element ci satisfies the 
zero-one condition in R,; consequently, in view of (4.5.1) and (4.5.3) by 
(4.1) we get (4.5.5) and by (4.1) to (4.3) we get (4.5.6). In view of (2.14), 
(4.5.1), and (4.5.3), to prove (4.5.7) it suffices to show that any 
pseudogeometric regular local domain of characteristic zero and dimension 
at most two is excellent; this is contained in Lemma (4.7) which we shall 
prove in a moment. 
Remark (4.5A). In connection with (4.1) to (4.5) we may note that in 
Theorem 4 of Abhyankar [2], without assuming the zero-one condition 
but instead by passing to the normalization, a decision procedure is given 
to locate the singularities of the normalization of a root extension. The 
same decision procedure in its various incarnations also occurs in 
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Abhyankar [l] (where the elements whose roots we are taking are not 
required to be pairwise coprime) and also in several places in 
Abhyankar [3] and Abhyankar [S], as well as in Abhyankar [4] and 
Abhyankar [7]. A related discussion of root extensions may be found in 
the two recent papers by Roberts [23] and Griftiths [12]. 
Remark on Excellent Rings (4.6). Let R be a local ring. To recall the 
definition of geometric regularity of the formal fibers of R, we may proceed 
as follows. We say that the formal fibers of R are geometrically regular if 
for every prime ideal P in R we have that the formal fiber of R over P is 
geometrically regular in the following sense. Given any prime ideal P in R 
we say that the formal fiber of R over P is geometrically regular if, upon 
letting S to be the completion of S= R/P and k to be the quotient field of 
S, for every finite algebraic field extension k’ of k we have that SO, k’ is 
a regular ring (i.e., its localization at each prime ideal is a regular local 
ring); note that for any subring S’ of k’ containing S, the ring 30, k’ is 
naturally isomorphic to the ring (SO, S’) OS, k’; we are particularly inter- 
ested in this isomorphism in the two cases when either S’= k or S’= a 
local ring which is a finite S-module with quotient field k’; we note that in 
the former case, SOS k is a localization of S at the multiplicative set 
S\(O). We shall now examine the geometric regularity of formal fibers in 
a few special cases. Firstly we claim that: 
(4.6.1) The formal fiber of R over the maximal ideal M(R) is 
geometrically regular. 
Namely, S = R/M(R) is a field and hence the completion S of S equals 
S and therefore, for every finite algebraic field extension k’ of k, the ring 
SO, k’ is isomorphic to the field k’ which is of course a regular ring. 
Secondly we claim that: 
(4.6.2) If R is pseudogeometric then the formal fiber of R over any 
depth one prime ideal P is geometrically regular. 
Now S = R/P is a one-dimensional pseudogeometric local domain. Given 
any finite algebraic field extension k’ of the quotient field k of S, clearly we 
can find a subring S’ of k’ containing S such that S’ is a local ring which 
is a finite S-module and whose quotient field is k’. [For instance, we can 
take a finite number of elements which generate k’ as a k-module, and mul- 
tiply them by a suitable nonzero element of S to make them integral over 
S; the said nonzero.element may, for example, be taken to be the product 
of the denominators of the coefficients of the equations over k satisfied by 
the initial elements when the said coefficients are written out as quotients 
of elements from S. Multiplying these integral elements by any nonzero 
element of M(S), we can then ensure that they belong to every maximal 
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ideal of the integral closure of S in k’; i.e., they belong to the Jacobson 
radical of the said integral closure. These final elements generate a ring 
S’ over S which is a finite S-module and a local domain with quotient 
field k’. Geometrically speaking, this algebraic construction of S’, has the 
effect of birationally pinching together all the closed points in the nor- 
malization of S in k’.] 
Upon letting S be the completion of S, we have that the ring SO, S’ is 
isomorphic to the completion S’ of S. Now S’ is a pseudogeometric local 
domain and hence, by (36.4) of Nagata [22], the zero ideal in S’ is its own 
radical, and therefore S’ OS, k’ is a regular ring because it is isomorphic to 
the localization of the one-dimensional local ring S’ at the multiplicative 
set S’\ (0) which is disjoint only from the height zero prime ideals of S’, 
and because we always get a field by localizing any ring at a height zero 
prime ideal provided the isolated component of the zero ideal at the said 
prime ideal coincides with said prime ideal. 
Thirdly we claim that: 
(4.6.3) If R is a regular local domain of characteristic zero then the 
formal fiber of R over the zero ideal is geometrically regular. 
Now S=R/{O} IS isomorphic to R and, upon letting S be the comple- 
tion of S and k to be the quotient field of S, we have that D = SO, k is 
a regular domain because it is a localization of the regular local domain S. 
The regular domain D contains (an isomorphic copy of) the field k of 
characteristic zero, and given any finite algebraic field extension k’ of k we 
can write k’ = k(x) and, upon letting g(T) be the minimal manic polyno- 
mial of x over k, we have 0 #g’(x) E k’. We can ‘take an element y in an 
overring of D together with a D-epimorphism D[ T] -+ D[ y] whose kernel 
is generated by g(T) and which sends T to y. Now y is integral and 
derivativewise unramitied over the regular domain D and hence in view of 
(4.1) and (4.11) of Abhyankar and Heinzer [9] we see that D[ y] is a 
regular ring. It only remains to note that the ring D[y] is obviously 
isomorphic to the tensor product D Ok k’. 
Finally we claim that: 
(4.6.4) If R is an analytically normal local domain of characteristic 
zero and dimension at most two then the formal fiber of R over the zero ideal 
is geometrically regular. 
Again S= R/(0} IS isomorphic to R and, upon letting S be the comple- 
tion of S and k be the quotient field of S, we have that D = 90, k is a 
regular domain, this time because S is a normal local domain of dimension 
at most two and D is a localization of S at the multiplicative set S\ { 0} 
which is not disjoint from the maximal ideal of S provided S is positive 
dimensional (and hence D is a normal noetherian domain of dimension at 
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most one and therefore D is a regular domain). The rest of the argument 
is the same as in the above proof of (4.6.3). 
By (25.10), (25.14), and (34.8) of Nagata [22] or Theorems 33 and 36 
of Matsumura [20] we have: 
(4.6.5) If R is a regular local domain then R is universal1.v catenarian. 
By (25.10) (25.13), and (34.8) of Nagata [22] or Theorems 33 and 38 
of Matsumura [20] we also have: 
(4.6.6) If R is a normal local domain of dimension at most two then R 
is universally catenarian. Hence if R is an analytically normal local domain 
of dimension at most two then R is universally catenarian. 
In view of (2.11) and (4.6.5), by (4.6.1), (4.6.2), and (4.6.3) we get 
LEMMA (4.7). A pseudogeometric regular local domain of characteristic 
zero and dimension at most two is excellent. 
In view of (2.11) and (4.6.6), by (4.6.1), (4.6.2), and (4.6.4) we get 
LEMMA (4.8). A pseudogeometric analytically normal local domain of 
characteristic zero and dimension at most two is excellent. 
Remark on the Above Remark on Excellent Rings (4.9). It would be nice 
to be able to talk about the geometric regularity of the formal fiber of a 
local ring R over a prime ideal P without explicity using tensor products. 
To this end, let us say that the formal fiber of R over P is regular if upon 
letting S be the completion of S= R/P and k be the quotient field of S we 
have that SO, k is a regular ring; this is clearly equivalent to saying that 
for every prime ideal Q in S which contracts to (0) in S we have that the 
localization S’ of S at Q is a regular local ring; note that obviously k is a 
subfield of S’. Also let us say that a regular local ring S’ is geometrically 
regular over a subfield k if s’ ok k’ is a regular ring for every finite 
algebraic field extension k’ of k. Now clearly the formal fiber of R over P 
is geometrically regular if and only if the formal fiber of R over P is regular 
and for every prime ideal Q in the completion S of S= R/P we have that 
the localization S’ of S at Q is geometrically regular over the quotient field 
k of S. 
Let C,, = k[T,, T2, . . . . T,,] and D, = S’[T,, T,, . . . . T,] be polynomial 
rings in a finite number of indeterminates T,, T,, . . . . T, where k is a sub- 
field of a regular local ring S’. Note that the geometric regularity of S’ over 
k is equivalent to saying that for every positive integer n and every maxi- 
mal ideal U in C, we have that the ring DJUD, is regular. So it would be 
nice to have a necessary and sufficient condition for the ring D,/UD, to 
be regular. Clearly a necessary condition is that the ideal UD, be its own 
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radical, but this is not sufficient!; namely let X, Y, T, be independent 
indeterminates over a field k* of characteristic p # 0, and let k = k*( Y) c 
S’ = the one-dimensional regular local domain obtained by localizing k[X] 
at the prime ideal generated by Xp - Y, and let U be the maximal ideal in 
C, = k[ T, ] generated by Tj’ - c now clearly UD,, where D, = S’[ T, 1, is 
a prime ideal (and hence equal to its own radical) but the ring D,/UDI is 
not regular. 
In the case when S’ is a field, a necessary and suflicient condition for S’ 
to be geometrically regular over the subfield k is that S’ is separable over 
k; i.e., either k is of characteristic zero or S’ is linearly disjoint from k’lp 
over k where char k = p # 0; i.e., equivalently, every subfield of S’ which is 
a finitely generated field extension of k is separably generated over k in the 
sense that it can be obtained by first making a pure transcendental field 
extension and then making a finite separable algebraic field extension. For 
details see pp. 195-196 of Matsumura [20] or pp. 15(r151 of Nagata [22]. 
Even when S’ is a positive dimensional regular local domain, if the field 
k is perfect, then it is easily seen that S’ is always geometrically regular 
over k; in application this is only useful in case of characteristic zero 
because when k is the quotient field of a positive dimensional regular local 
domain of nonzero characteristic it cannot be perfect. 
5. NOETHERIANNESS AND PSEUDOGEOMETRICITY OF 
INTEGRAL ROOT EXTENSIONS 
We start by proving 
LEMMA (5.1). In the general set-up of (3.1) let P he a maximal ideal in 
A for which there exists a finite J, c I such that for every finite J* c (Z\J,) 
and every maximal ideal Q in A,. which contracts to P in A we have 
[(AJe/Q) : (A/P)] = fljGJ* d,. Then we have the following. 
(5.1.1) For every finite J* c (Z\J,) there is a unique maximal ideal 
P,. in A,* which contracts to P in A; moreover, A,. is unramtfied over A at 
P J., and A,. is normal at P,, ; also we have [ (A,./P,,) : (A/P)] = 
[K,, : K] = njEJ. d,. 
(5.1.2) Upon letting J= I\Jr we have that there exists a unique maxi- 
mal ideal P, in A, which contracts to P in A; moreover, A, is unramtfied 
over A at P,, and A, is normal at P,. 
(5.1.3) P is finitely split in B. 
Proof. Condition (5.1.1) follows from (1.42) to (1.44) of Abhyankar 
[4]. Condition (5.1.2) follows from (5.1.1). In view of (1.26) of 
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Abhyankar [4] and in view of the fact L is a finite algebraic field extension 
of K,, by (51.2) we get (5.1.3). 
Next we note the following obvious 
LEMMA (5.2). Let D he a one-dimensional noetherian domain which is 
locally pseudogeometric and of characteristic zero. Then D is pseudo- 
geometric iff the singular locus ~(0, D) is a finite set. 
By (5.2) we at once get 
LEMMA (5.3). Let D he a two-dimensional normal noetherian domain 
which is locally pseudogeometric and contains a field of characteristic zero. 
Then D is pseudogeometric tifffor every HE h(D) the singular locus s(H, D) 
is a finite set. 
Now we are ready to prove the following. 
THEOREM (5.4). In the general set-up of (3.1) assume that A is locally 
pseudogeometric and for every maximal ideal P in A the set {i E I : c, E P) is 
finite and for every i E I and HE h(A) we have ord,,,(ci) = 0 or 1 (i.e., the 
hypersurfaces ci = 0, i E I, are devoid of multiple ,components and at most a 
,finite number of them pass through any given point P of A by which we mean 
a point of the “ambient space” whose affine coordinate ring is A). Let 
M* be the set of all maximal ideals P in A for which there exists a finite 
J, c I such that for every finite J* c (I\J,) and every maximal ideal Q 
in A,, which contracts lo P in A we have [(AJ*/Q) : (A/P)] = njG/* d,. 
Let C* be the set of all prime ideals P in A such that, upon letting R be 
the localization of A at P and J’ = { ie I: CUE M(R)}, there exist elements 
(ciER: iEZ’}, h w ere I’ is a set of cardinality dim R-card J’, such that 
M(R)= ({qi :j~ J’} u {Ci : iEZ’}) R [‘. I e., C* is the set of all simple points 
of the “ambient space” where the “branch locus family” of A in B either 
does not pass through or has a “familywise normal crossing in the sense of 
the bracketed remark in (4.5.4)]. F or every HE h(A) let C*(H) be the set 
of all prime ideals P in A such that, upon letting R to be the localization of 
AatPand~=(i~I:c~~M(R)andc,R#HR}andm=dimR-cardy, we 
have that m is a positive integer and there exist elements F1, . . . . c”, in R such 
that ?,R= HR and M(R)= ({c, :j~5) u (zl, . . . . E,}) R [i.e., C*(H) is the 
set of all simple points of the irreducible hypersurface H which are also 
simple points of the ambient space and which either do not lie on the 
“branch locus family” of A in B or where the composite family of hypersur- 
faces consisting of H together with the “branch locus family” of A in B has 
a “familywise normal crossing”]. Then we have the following. 
(5.4.1) B is a normal domain which is locally pseudogeometric and 
which is almost compositumwise unramified over A at Z(0, B) and which has 
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the same dimension as A. Q H Q n A gives a surjection of the set of all prime 
(resp. maximal) ideals in B onto the set of all prime (resp. maximal) ideals 
in A. For every prime ideal Q in B we have that the localization S of B at 
Q has the same dimension as the localization R of A at Q n A. For every 
prime ideal P’ in A for which P’ c P for some P E M*, we have that P’ is 
finitely split in B. 
(5.4.2) If Q is a prime ideal in B such that Q n A E C*, then the 
localization S ef B at Q is regular. 
(5.4.3) If Q is a prime ideal in B and H is a member of h(A) such that 
Q n A E C*(H), then upon letting R and S be the localizations of A and B 
at Q n A and Q, respectively, and upon letting H’ be the radical of HS in S 
we have that S and S/H’ are regular local domains and H’ is a height one 
prime ideal in S and it is the only prime ideal in S which contracts to HR 
in R. 
(5.4.4) If H and H’ are any height one prime ideals in A and B, 
respectively, such that H = H’ n A and Z(H, A)\C*(H) is a finite set and 
MZ(H, A) c M*, then the singular locus s(H’, B) is a finite set. 
(5.4.5) If Q is a prime ideal in B such that the localization R of A at 
Q n A is a regular local domain and {iE I: C;E M(R)} is a singleton set {i> 
with c;EM(R)~, then the localization S of B at Q is nonregular and upon 
letting J= I\{i} and R, = the localization of A, at Q n A, we have that 
[L : KJ] = di; R, is a regular local domain which is unramtfied over and has 
the same dimension as R; S= RJ[ti]; and the description given in (4.56) 
starting with “in greater detail” holds. 
(5.4.6) If A is a two-dimensional pseudogeometric regular domain of 
characteristic zero, then B is locally excellent. 
(5.4.7) If M* = MZ(0, A) and A is two-dimensional, then B is 
noetherian. 
(5.4.8) If M* = MZ(0, A) and A is a two-dimensional 
pseudogeometric regular domain which contains a field of characteristic zero 
and for every HE h(A) we have that Z( H, A)\C*( H) is a finite set, then B 
is pseudogeometric. 
Proof. By (4.1) we see that B is a normal domain, by (4.5.2) we see that 
B is almost compositumwise unramified over A at Z(0, B), and by (4.5.3) 
we see that B is locally pseudogeometric; so in particular B is noetherian 
at Z(0, B) and hence, in view of (4.9.3), by (6.4E.2) of Abhyankar and 
Heinzer [9] we see that if P’ is any prime ideal in A with P’ c P for some 
P E M* then P’ is finitely split in B; the rest of (5.4.1) follows from the well- 
known going-up and going-down theorems which may for instance be 
found in (1.19), (1.20), and (1.24B) of Abhyahkar [4]. Now (5.4.2) and 
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(5.4.3) follow from (4.54); (5.4.4) follows from (5.4.1) and (5.4.3); (5.4.5) 
follows from (4.5.1), (4.5.3), and (4.5.6); and (5.4.6) follows from (4.5.7). In 
view of (5.4.1) by (6.14.6) of Abhyankar and Heinzer [9] we get (5.4.7). 
Finally, in view of (5.3), by (5.4.4) and (5.4.7) we get (5.4.8). 
Remark (5.4A). In connection with (5.4.7) we note that elsewhere we 
shall deduce the noetherianness of B, even for higher dimensional A, 
without using the global noetherianness results from Abhyankar and 
Heinzer [9] but by using the freeness of B as noted in (4.1). The proofs of 
global noetherianness in [9] were somewhat delicate because of the 
possibility of the extensions of prime ideals from below acquiring embedded 
components. In the special situation of root extensions which we are dealing 
with here, the freeness noted in (4.1) ensures that the extensions of prime 
ideals are devoid of embedded components. 
Next we prove 
THEOREM (5.5). Zn the general set-up of (3.1) assume that A = the poly- 
nomial ring F[X, Y] in two indeterminates X and Y over afield F of charac- 
teristic zero, and c, = (X- a,)( Y - bi) for all i E I where i H a, and i H b, 
give injective maps of I into F. Also assume that for every maximal ideal P 
in A there exists a finite J, c I such that for every finite J* c (I\ Jr) and 
every maximal ideal Q in B which contracts to P in A we have 
[(AJ*/Q) : (A/P)] = n,,,. d,. For every iE I let Vi be the maximal ideal in 
A generated by (X-a,) and (Y-b,). Then we have the following. 
(5.5.1) B is a two-dimensional normal noetherian domain which is 
locally pseudogeometric and locally excellent and which is almost com- 
positumwise unramifi:ed over A at Z(0, B). Q H Q n A gives a surjection of 
the set of all prime (resp. maximal) ideals in B onto the set of all prime (resp. 
maximal) ideals in A. For every prime ideal Q in B we have that the localiza- 
tion S of B at Q has the same dimension as the localization R of A at Q n A. 
Every prime ideal in A is finitely split in B. 
(5.5.2) The singular locus ~(0, B) is the disjoint union of the nonempty 
finite sets Z( V,, B; Vi, A ) as i ranges over I. Moreover, for every i E I and 
Q E Z( Vi, B; Vi, A) there exists a three-dimensional regular local domain S’ 
together with a basis (x, y, z) of M(S) such that the localization S of B at 
Q is isomorphic to S’/(zdl - xy) S’ (and hence in particular B has a hypersur- 
facial double point at Q). 
(55.3) If for every nonconstant irreducible polynomial g = g(X, Y) in 
F[X, Y]\(F[X] u F[ Y]) there exists a finite Z, c Z such that g(a,, b,) #O 
whenever (i, j) c (I\Z,), then B is pseudogeometric. 
Proof In view of (5.4) it suffices to show that, under the hypothesis of 
(5.5.3), for every nonconstant irreducible polynomial g =g(X, Y) in 
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F[X, Y], the set Z(gA, A)\C*(gA) is finite where C*(gA) is as defined in 
the preamble to (5.4). If gE (F[X] u F[ Y]) then obviously Z(gA, A) = 
C*(gA). If g$(F[X]uF[Y]) th en, upon letting g = g(X) E F[X] and 
g = g( Y) E F[ Y] be the Y-discriminant and the X-discriminant of g(X, Y), 
respectively, and upon letting 
where V, is the maximal ideal in A generated by (X- ai) and (Y-h,), we 
see that Z is a finite set and (Z(gA, A)\Z) c C*(gA). 
Next we prove 
LEMMA (5.6). Let F be any field which is not algebraically closed. Then 
for every positive integer n there exists a polynomial g,(X,, X,, . . . . X,,) in 
indeterminates X, , X,, . . . . X,, with coefficients in F such that for any elements 
x, , x2, . . . . x, in F we have g,,(x, , x2, . . . . x,,) = 0 o x, = x2 = . . = x,, = 0. 
Proof: In the special case when F is a subfield of the field of all real 
numbers we can take g,(X,, X,, . . . . X,) = Xf + Xz + . . + Xz. In the 
general case we can proceed thus. For n = 1 it suffices to take g, (X, ) = X, 
Since F is not algebraically closed, there exists a nonconstant polynomial 
g(X) in an indeterminate X with coefficients in F such that for every x in 
F we have g(x)#O. For n=2 it suflices to take g,(X,, X,)= Xtg(X,/X,) 
where d is the degree of g(X). For n > 2 we define g, by the recurrence 
relation 
By induction on n it follows that g, has the desired property. 
Now we prove 
LEMMA (5.7). Let F be a subfield of a ring A such that F is not algebra- 
ically closed. Let ( Vi)iG, be a nonempty family of prime ideals in A such that, 
for each is I, the localization of A at Vi is residually rational over (the image 
of) F. Let N = n {A\ Vi : ie I}. Then for any finitely generated ideal P in A 
we have NnP=(ZloPc V,for some iEI. 
Prooj If PC Vi then (without assuming P to be finitely generated) we 
obviously have N n P = @. Conversely, assume that for each i E Z we have 
P ti V,. Since P is finitely generated, we can find a positive integer n and 
elements y,, y,, . . . . y, in A such that (y,, y,, . . . . y,) A = P. Upon letting g,, 
be as in (5.6) we obviously get g,( y, , y,, . . . . y,) E P. For any iE Z, since the 
localization of A at Vi is residually rational over F, we get an 
F-epimorphism A + F whose kernel is V,; since P d Vi, upon letting 
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X1, x2, . . . . x, be the respective images of y,, y,, . . . . y,, under this F-epi- 
morphism, we get elements x,, x2, . . . . x, in F such that x, #O for 
some j with 1 <j< n, and hence by the asserted property of g, we 
have g,(x,, x2, . . . . x,,) ~0; obviously g,!(x,, x2, . . . . x,,) is the image 
of g,( y, , y,, . . . . y,) under the said F-epimorphism, and hence 
g,(y,, y,, . . . . y,?) $ Vi. Thus g,(y,, y,, . . . . Y,~) E P and for every in I we have 
g,dy,, y2, . . . . y,,)$ I/,; therefore Nn P#0. 
Remark (5.7A). In case A is a noetherian domain, the above lemma 
says that P H PA, gives an inclusion preserving bijection of the set of 
those prime ideals P in A for which P c Vi for some i E I (with i depending 
on P) onto the set of all prime ideals in the localization A,,, of A at N. Thus 
the above lemma says that in a certain sense any family ( Vi)ie, of rational 
maximal ideals in a noetherian domain A forms a closed set, where the 
rationality is over a subfield F of A which is not algebraically closed. It is 
interesting to compare this result with the “Zariski localization” of a 
domain A, i.e., the localization of A at the multiplicative set N( U, A) where 
ZJ is an ideal in A and where N( U, A) = n (A\Q) with intersection over all 
prime ideals Q in A for which U c Q; note that now PH PA,(o,., gives an 
inclusion preserving bijection of the set of those prime ideals P in A for 
which U c P onto the set of all prime ideals in the localization A,,., A) of 
A at N( U, A); geometrically speaking, the localization A,(., A) keeps 
exactly those irreducible subvarieties of Z(0, A) which have a nonempty 
intersection with the variety Z(U, A); see Remark (6.4A’) of Abhyankar 
and Heinzer [9]. 
Remark (5.7B). In connection with Lemmas (5.6) and (5.7), reference 
may be made to Excercise 3 on p. 8 and Exercise 7 on p. 22 of Kunz [ 171. 
Finally, as an immediate consequence of (5.4) and (5.7) we get 
THEOREM (5.8). In the general set-up of (3.1) assume that A = the poly- 
nomial ring F[X, Y] in two indeterminates X and Y over a field F of charac- 
teristic zero which is not algebraically closed, and ci = (X- a,)( Y- bi) for 
all i E I where i H a, and it-+ bi give injective maps of I into F. For every i E I 
let Vi be the maximal ideal in A generated by (X- ai) and (Y - bi). Assume 
that I is nonempty and let N be the multiplicative set n (A\ Vi : iE I} in A, 
and let A” and B be the localizations of A and B at N, respectively. Also 
assume that for every i E I there exists a finite Ji c I such that for every finite 
J* c (I\Ji) and every maximal ideal Q in B which contracts to P in A we 
have [(AJ*/Q) : (A/P)] = njtJ* d,. Then we have the following. 
(5.8.1) B is a two-dimensional normal domain which is locally 
pseudogeometric and locally excellent and which is almost compositumwise 
unramtfied over A at Z(0, B). Q H Q n A gives a surjection of the set of all 
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prime (resp. maximal) ideals in B onto the set of all prime (resp. maximal) 
ideals in A. For every prime ideal Q in B we have that the localization S of 
B at Q has the same dimension as the localization R of A at Q A A. For 
every prime ideal P in A for which P c Vi for some ig I, we have that P is 
finitely split in B. 
(5.8.2) The singular locus $0, B) is the disjoint union of the nonempty 
finite sets Z( V,, B; Vi, A) as i ranges over I. Moreover, for every i E I and 
Q E Z( V,, B; Vi, A) there exists a three-dimensional regular local domain S’ 
together with a basis (x, y, z) of M(S’) such that the localization S of B at 
Q is isomorphic to s’/(zdi - XJJ) s’ (and hence in particular B has a hypersur- 
facial double point at Q). 
(5.8.3) B = A”[ { t, : iE }]. PH PA” gives an inclusion preserving, 
as well as height preserving and depth preserving, bijection of 
(P E Z(0, A): P c Vi for some ig I} onto Z(0, 2) and so in particular 
Vi++ V,A” gives a bijection of { Vi : iE I} onto MZ(0, A). PH PB gives an 
inclusion preserving, as well as height preserving and depth preserving, bijec- 
tion of {PC Z(0, B) : PC Q for some Q ES(O, B)} onto Z(0, 3) and so in 
particular PH PB gives a bijection of ~(0, B) onto MZ(0, B). 
(5.8.4) B is a two-dimensional normal noetherian domain which is 
locally pseudogeometric and locally excellent and which is almost com- 
positumwise unramtfied over A” at Z(0, 8). Q H Q n A gives a surjection of 
the set of all prime (resp. maximal) ideals in B onto the set of all prime (resp. 
maximal) ideals in A”. For every prime ideal Q in B we have that the localiza- 
tion S of B at Q has the same dimension as the localization R of A” at Q n A”. 
Every prime ideal in A’ is,finitely split in B. 
(5.8.5) The singular locus ~(0, B), which coincides with MZ(0, B), is 
the disjoint union of the nonempty finite sets Z( Vid, B; _V,<, A”) as i ranges 
over I. Moreover, for every i E I and Q E Z( Via, B; V,A, A) we have that 
Q n BE Z( Vi, B; Vi, A) and the localization S of B at Q coincides with the 
localization of B at Q n B and hence there exists a three-dimensional regular 
local domain S’ together with a basis (x, y, z) of M(S) such that S is 
isomorphic to S’/(z - xy) S’ (and hence in particular B has a hypersurfacial 
double point at Q). 
(5.8.6) If for every nonconstant irreducible polynomial g = g(X, Y) in 
F[X, Y]\(F[X] u F( Y]) there exists a finite Z,C I such that g(a,, bi) #O 
whenever iE (I\[,), then B is pseudogeometric. 
6. LOCAL GRIDS 
In the special set-up of (3.1) and (3.2) for every n E I let 
c,,=(X-a,)(Y-b,), where b, =n (1) 
48, 143.2-13 
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and where a, E I is to be chosen such that 
L(a,,n)#OZa,--a, for e = 1, 2, . . . . n - 1 (2) 
and such that for every positive integer i < 12 and every maximal ideal Vi,, 
in Ai,, which contracts to V, in A we have 
C(Aj,nlVi,n) : (A/‘~)1 =di+ 1 ...dn. (3) 
For every i < j in I upon letting ui, j be an element in F* such that 
zQj = (ai - a,)(i -j) (4) 
and for every i < 12 in Z upon letting 
Fi,n =J’lIul,i+ I> ...> ~i,nl 
it is obvious that if for some i < n in Z we have 
then for that i<n we have (3). [The implication (5) =S (3) follows by first 
noting that (5) is independent of the choice of the elements ui,j satisfying 
(4), and then noting that there exists a homomorphism of Ai,, into F* with 
kernel Vi,, and, for any such homomorphism, the images of A and Ai,, 
equal F and F, n , respectively, where we take ubi to be the image of t, 
which then obviously satisfies Eq. (4).] 
By induction on m we shall prove the claim which says that given any 
m E I there exist positive integers a,, . . . . a, such that for all n <m in I we 
have (2) and for all i < n < m in Z we have (5). For m = 1 it suffices to take 
a, to be any positive integer. Now assuming that for some m E Z we have 
found positive integers a,, . . . . a, such that for all n <m in Z we have (2) 
and for all i < n < m in Z we have (5), we proceed to find a positive integer 
a,, r such that 
f,(a ,+,,m+ l)fOfa,+,-a, for e = 1, 2, . . . . m (2’) 
and such that for every positive integer i < m we have 
CFi,m+ 1 :F]=d,+,...d,,,+,. (5’) 
Note that by the induction hypothesis we must have a,- a, # 0 for all 
i< n < m in I. Now obviously we can find (ordinary) distinct prime 
numbers p1 , . . . . pm such that for all i< n <m in Z we have that 
(i-m- l)(a,-a,)(i-n)d, is nondivisible by pi. Note that then no pi is 
ramified in the field extension F,,, provided that i< n < m. [Recall that a 
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prime number p is said to be unramified in a finite algebraic field extension 
F’ of F if for every prime ideal P’ in the integral closure E’ of E in F’ which 
contracts to pE in E we have that E’ is unramified over E at P’; p is 
ramified in F’ means that p is not unramified in F’.] By using the Chinese 
Remainder Theorem we can find a positive integer k such that 
a,-kEp;E for i = 1, . . . . m. 
Now upon letting 
a,+,=k+p;‘...pz, 
where 
1 
ri = 
if a,-kEp:E 
2 if a,-k$pfE 
we obtain a positive integer a,,,+, such that 
(i-m-l)(ai-a,+,)E(p,E)\(pzE) for i= 1, . . . . m. (6) 
By adding to a,, 1 a number of the form p”;’ ...pz with integers 
s1 > 1, . . . . s, > 1, we can arrange matters so that in addition to (6) we 
have (2’). 
For any positive integer i 6 m, as we have said above, pi is unramified in 
F,,, and hence, in view of (6), by Eisenstein’s Criterion we see that 
CF,,, + I :r;l,ml=4n+, 
and by the induction hypothesis we have 
[F,, : F] =dj+, . ..d.,, 
and obviously we have 
CF;,m + I : f’l = CFi,m : J’lCF,,m+ I :F,,,l 
and therefore we get (5’). This completes the induction on m and proves 
the claim. Thus we have established the following lemma. 
LEMMA (6.1). There exists an infinite sequence of positive integers 
a,, a2, . . . . such that for all n E Z we have (2) andfor all i < n in Z we have (5) 
and hence (3). 
Remark (6.2). This is really a definition by induction. It works because 
in finding the integer a,,,+ 1 we did not change the already found integers 
aI , . . . . a,,,. In other words, we actually proved the stronger claim which says 
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that if m and a,, . . . . a,,, are any positive integers such that for all n < m in 
I we have (2) and for all i< n <m in I we have (5), then there exists a 
positive integer u, + i satisfying (2’) such that for every positive integer 
i < m we have (5’). We also noted the initial claim saying that for m = 1 it 
suffices to take a, to be any positive integer. Now it is only by using Zorn’s 
lemma (or some other equivalent formulation of the axiom of choice) that 
we get the implication saying that the stronger claim together with the 
initial claim implies the existence of an infinite sequence of positive integers 
aI, a2, . . . . such that for all n E I we have (2) and for all i < n in I we have 
(5). In this connection see Proposition 18 on p. 128 of Abhyankar [6]. 
In view of (6.1), by (5.8) we get 
THEOREM (6.3). In the special set-up of (3.1) and (3.2) there exists an 
infinite sequence of positive integers a,, a2, . . . . such that for all i < n in I we 
have (3) where we have taken 6, = n for all n E I. For any such sequence the 
description given in (5.8.1) to (5.8.5) holds; in particular, upon letting B be 
the localization of B at the multiplicative set n (B\Q) where the intersection 
is over all the maximal ideals Q in B such that the localization of B is not 
a regular local domain, we get a two-dimensional normal noetherian domain 
B which is locally excellent but (globally) nonexcellent because it has 
infinitely many maximal ideals and its localization at any one of them is non- 
regular and hence the singular locus of B is not closed and therefore by 
(2.13), B cannot be excellent (geometrically speaking, the normal surface G 
has infinitely many singular points and by simultaneously localizing at them 
we get a normal noetherian surface all of whose infinitely many points are 
singular). Moreover, the said sequence can be chosen so that we also have (2) 
for every positive integer n, and then the ring B is pseudogeometric. 
Remark (6.3A). In connection with the above construction we may 
note that the property of a prime ideal P in a normal noetherian domain 
D being totally residuated is preserved in a cofmal union, but need not be 
preserved in a compositum. For example, take D to be the ring of integers 
E and P to be 3E. Then P is totally residuated as we go from E to either 
E[X]/(X’ - 2) E[X] or E[ Y]/( Y2 - 5) E[ Y] but P splits into two prime 
ideals in the compositum E[X, Y]/(X* - 2, Y2 - 5) E[X, Y]. 
Remark (6.3B). We were initially inspired toward the construction of 
almost totally residuated extensions by the paper of MacLane and Schilling 
c191. 
Remark (6.3C). For an example of a pseudogeometric domain which is 
local but whose singular locus is not closed see Rotthaus [24]. For a 
general discussion of nonclosed loci see Nagata [21] and Hochster [ 151. 
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7. GLOBAL GRIDS 
To globalize the construction of Section 6, in the special set-up of (3.1) 
and (3.2) let there be given any sequence 
of maximal ideals in A, and for every 12 E I let 
c,,=(X-%)(Y-b,), (1) 
where a, E I and b, E I are to be chosen such that 
a,-a,#O#f,(a,,b,)#O#b,-b, 
for e= 1,2, . . . . n- 1 and i= 1, 2, . . . . n (2) 
and such that for every positive integer i < IZ and every maximal ideal Wi,, 
in Ai., which contracts to Wi in A we have 
C(Ai,n/Wj,n) :(AIW,)I=di+1 ...dn. (3) 
For every iE Z we may regard A/W, to be a subfield of F*; i.e., we can 
find a homomorphism 
q,: A-+F* with ker q, = Wi 
and now we may put 
ai = q,(x), hi = 4A n and Fi = qi(A) = F(&, b,]. 
For every i < j in I upon letting u;,, be an element in F* such that 
u?,=(tii-ai)(b,-b,) (4) 
and for every i < n in I upon letting 
it is obvious that if for some i < n in Z we have 
[F;,, : Fi] = d,, 1 . ..d., l(5) 
then for that i < n we have (3). [The implication (5) * (3) follows by first 
noting that (5) is independent of the choice of the elements Q satisfying 
(4), and then noting that the homomorphism qi : A + F* can be extended 
to a homomorphism of A,,, into F* with kernel W,,, and, for any such 
homomorphism, the images of A and A;,, equal Fi and F,,,, respectively, 
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where we take ui,j to be the image of tj which then obviously satisfies 
Eq. (41.1 
By induction on m we shall prove the claim which says that given any 
m E Z there exist positive integers a,, b,, ,.., am, 6, such that for all n <rn in 
Z we have (2) and for all i < n d m in Z we have (5). For m = 1 it suffices 
to take a, and b, to be any positive integers. Now assuming that for some 
m E Z we have found positive integers a,, b,, . . . . a,, b, such that for all 
n < m in Z we have (2) and for all i< n <m in Z we have (5), we proceed 
to find positive integers a,+, and b,, , such that 
a,+,-a,ZOZf,(ai,b,+I)ZOfb,+,-b, 
for e = 1, 2, . . . . m and i=l,2,...,m+l (2’) 
and such that for every positive integer i < m we have 
c%+ L :F;]=di+l...dm+,. (5’) 
Let P be the compositum of FL,,,, . . . . F,,- ,,,, in F*. We can choose a 
positive integer b, + r > max(b,, . . . . b,) such that 6, - b, + 1 # 0 for 
i= 1, . . . . m. Let E be the integral closure of E in F. Now for i= 1, . . . . m we 
can write 
a, = Xi/Zi and bi-bm+, =y;bi 
with 
xi, 1,, yi, pi in ,!? with ,Ti # 0 # ji. 
By Sublemma (7.2) which we shall prove in a moment, we can find 
(ordinary) distinct prime numbers p, , . . . . pm which are completely split in P 
and are such that for every positive integer id m and every prime ideal Pi 
in I!? which contracts to piE in E we have 
XI . . ..f’. y, ...y,pl ...Fm$#Pi. 
[Recall that a prime number p is said to be completely split in a finite 
algebraic field extension F’ of F if for every prime ideal P’ in the integral 
closure E’ of E in F’ which contracts to pE in E we have that the localiza- 
tion of E’ at P’ is unramified and residually rational over E.] Now for 
every positive integer i Q m we have 
ai E E, and E/Pi = E/p, E 
and hence there exists a positive integer kj such that 
iii-k;E P, for i= 1, . . . . m. 
LOCUS OF INFINITE INTEGRAL EXTENSIONS 465 
Applying the Chinese Remainder Theorem in E we can find a positive 
integer k such that 
ki- kepiE for i= 1, . . . . m. 
Now 
a,-kEPi for i = 1, . . . . m 
and hence upon letting 
where 
1 
ri = 
if ai-kEpfE 
2 if iii-k$pfE 
we obtain a positive integer a, + I such that 
tii-aa,,,EPi\Pf for i = 1, . . . . m. (6) 
By adding to a,,,+, a number of the form pi’ ...pz with integers 
s, > 1, . . . . s, > 1, we can arrange matters so that in addition to (6) we 
have (2’). 
For any positive integer i d m, the prime number pi is completely split in 
F and therefore unramified in F,,, and hence, in view of (6), by Eisenstein’s 
Criterion we see that 
CFi,, + I :Fi,ml=4n+, 
and by the induction hypothesis we have 
and obviously we have 
CF,m + I :Fil=Cf’i,m:FililCJ’i,m+~ :F,ml 
and therefore we get (5’). This completes the induction on m and proves 
the claim. Thus we have established the following lemma [see Remark (6.2) 
of Section 61. 
LEMMA (7.1). There exists an infinite sequence of positive integers 
al, b,, a2, b2, . . . . such that for all n E I we have (2) and for all i < n in I we 
have (5) and hence (3). 
Now let us turn to the sublemma used in the above construction. 
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SUBLEMMA (7.2). Let F’ he any finite algebraic field extension of F. Then 
there exist infinitely many prime numbers which completely split in F’. 
Proof: Clearly it suffices to show that there exist infinitely many prime 
numbers which completely split in the least galois extension F” of F con- 
taining F’. Let x be a primitive element of F” over F and let g(T) be its 
minimal manic polynomial where T is an indeterminate. Upon multiplying 
x by the LCM of the denominators of the coefficients of g(T) written out 
as quotients of integers, we can arrange that g(T)EE[T]. Now the dis- 
criminant of g(T) is divisible by only a finite number of prime numbers, 
and hence we can take an integer r > 2 such that no prime number greater 
than r divides the said discriminant. By 1.44 of Abhyankar [4] we know 
that if a prime number p does not divide the discriminant of g(T) then p 
is unramified in F”. Upon letting E” to be the integral closure of E in P”, 
for any prime number p, by 1.25 of Abhyankar [4] we also know that the 
set of all prime ideals in E” which contract to pE in E form a complete set 
of conjugates over F, and hence if for some prime ideal P” in E” which 
contracts to pE in E we have that the localization of E” at P” is residually 
rational over E then this is so for every prime ideal P” in E” which 
contracts to pE in E. Therefore it suffices to show that given any integer 
r’ > r there exists a prime number p > r’ such that for some prime ideal P” 
in E” which contracts to pE in E we have that the localization of E” at P” 
is residually rational over E. 
To prove the existence of such a prime number p, we can start by writing 
g(T) = z + Tg*( T) where z = g(0) E E and where g*(T) E E[ T] is a manic 
polynomial (which is reduced to 1 only in the degenerate case of F” = F). 
Now r’ > r > 2 and hence (because g*(T) has only a finite number of roots 
and because in case of z = 0 we have g*(T) = l), by taking y to be a 
suitable positive power of the product of all prime numbers which are 
smaller than 1 + r’ and by letting w = yg*(yz), we get an integer w such 
thatO#w#-2.SinceO#w#-2,weget -l#l+w#landhencel+w 
is divisible by some prime number p; since w is divisible by y which in turn 
is divisible by every prime number which is smaller than 1 + r’, we must 
have p > r’. Let g(T) =g(yz+ T) and 1=x- yz. Now I is a primitive 
element of F” over F, I is integral over E, g(T) E E[ T] is the minimal 
manic polynomial of 1 over F, and p does not divide the discriminant of 
g(T) (because it coincides with the discriminant of g(T), discriminants 
being translation invariant). Also clearly g(O) = g( yz) = z + yzg*( yz) = 
z(1 + w)~pE. 
Thus we have found a prime number p > r’ together with a primitive 
element 2 of F” over F such that .Z is integral over E and such that upon 
letting g(T) to be the minimal manic polynomial of 1 over F we have that p 
does not divide the discriminant of g( T) and g(O) EPE. Consider the unique 
LOCUS OF INFINITE INTEGRAL EXTENSIONS 467 
epimorphism E[ T] + (EIpE)[ T] which sends every element of E to its 
image in E/pE and T to itself; since g(O) EPE, we see that the image of g( T) 
under the said epimorphism is contained in the prime ideal in (E/pE)[T] 
generated by T; therefore the inverse image of the said prime ideal under 
the said epimorphism is a prime ideal in E[T] which contains the set 
{T, S(T), p>; now by noting that the kernel of the unique E-epimorphism 
E[T] + E[Z] which sends T to 1 is generated by g(T) and by letting Q 
to be the image of the said prime ideal in E[ T] under this E-epimorphism, 
we get a prime ideal Q in EC.?] containing 2 and p. It follows that Q 
contracts to pE in E and the localization of EC.?] at Q is residually rational 
over E; since p does not divide the discriminant of g(T), by 1.43 of 
Abhyanakar [4] we see that the said localization coincides with the 
localization of E” at some prime ideal P” in E” which contracts to pE in 
E; it follows that the localization of E” at P” is residually rational over E. 
This completes the proof of the sublemma. 
Remark (7.2A). In connection with the above sublemma we note that, 
in a certain sense, the exact opposite to the condition that a prime number 
p completely splits in the finite algebraic field extension F’ of F, is the con- 
dition which says that the prime ideal pE totally residuates as we go from 
E to the integral closure E’ of E in F’. In contrast to the fact that infinitely 
many prime numbers completely split in F’, we observe that if P’ is a non- 
cyclic galois extension of F then no prime number p has the property that 
pE totally residuates as we go from E to the integral closure E’ of E in F’; 
this is so because every finite algebraic field extension of a finite field is a 
cyclic galois extension and because if pE totally residuates as we go from 
E to E’ then for the unique prime ideal P’ in E’ which contracts to pE in 
E we have that the galois group of F’ over F is isomorphic to the galois 
group of E’fP’ over E/pE. 
Since F is countable, the sequence W can be chosen so that iH W, gives 
a bijection of I onto the set of all maximal ideals in A; hence, in view of 
(7.1), by (5.5) we get 
THEOREM (7.3). In the special set-up of (3.1) and (3.2) there exists an 
inf;nite sequence of maximal ideals W,, W,, . . . in A and an infinite sequence 
of positive integers a,, b,, a2, b,, such that i++ W, gives a bijection of I 
onto the set of all maximal ideals in A and such that for all i < n in I we have 
(3). For any such sequences the description given in (5.51) and (5.5.2) holds; 
in particular B is a two-dimensional normal noetherian domain which is 
locally excellent, but which is not (globally) excellent because its singular 
locus ~(0, B) consists of an infinite set of maximal ideals of B (geometrically 
speaking, the normal noetherian surface G has infinitely many singular 
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points). Moreover, the said sequences can be chosen so that we also have (2) 
for every positive integer n, and then the ring B is pseudogeometric. 
Remark (7.3A). In connection with the above construction we may ask 
whether the global covering B of A = F[X, Y] can be chosen so that: 
(1) Every point (i.e., maximal ideal) of B is ramified over A. 
(2) Every point (i.e., maximal ideal) of B is ramified over A in such 
a manner so as to be singular for B. 
(3) Above every (rational? integral?) point of A there is a point of B 
which is ramified over A. 
(4) Above every (rational? integral?) point of A there is a singular 
point of B. 
(5) The multiplicities of the singular points of B are unbounded. 
Can we do this: If the branch locus is not required to be a grid? If the 
covering is not required to be a root extension? If the covering is not even 
required to be (infinite) galois? In these situations, what can we say about 
the irreducible curves of B which are ramified over A? Especially in the 
nongalois case, can the projections of infinitely many of these curves pass 
through the same point of A? 
Of course in doing any of this we want to preserve the noetherianness, 
or at least the local noetherianness, of B. Otherwise, if we don’t require 
even this, then everything is possible but not very interesting. 
Remark (7.3B). The above construction can presumably be modified 
so that B is a two-dimensional normal noetherian domain which is locally 
excellent but not pseudogeometric. This can be managed by arranging 
matters so that every irreducible curve in A goes through only a finite 
number of distinguished grid points, but certain nonhorizontal nonvertical 
irreducible curves in A go through infinitely many grid points. We hope to 
return to this in a later communication where we also intend to modify the 
above construction so that the singularities of B are local UFDs. 
Remark (7.3C). Can we do for E[X] what we have done in this and 
the previous section for J’[X, Y]? In other words, instead of coverings of 
the rational plane, can we find similar type coverings of the arithmetical 
plane whose “points” are the maximal ideals in the polynomial ring E[X] ? 
Remark (7.3D). In a construction of the above type, when B is a 
two-dimensional normal noetherian domain having infinitely many 
singularities, can we make some sense out of the problem of resolution of 
singularities of B? 
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